
10.7 HYPOTHESIS TESTING 

Many times, while analyzing water resources data, questions arise such as: does the river 

discharge at the given site follow normal distribution? Is the river water quality violating the 

relevant standards? Are the two given variables significantly correlated? In some cases, a 

conclusion may be reached without using a statistical test but sometimes the situation could be 

such that well-articulated tests are needed to arrive at a conclusion which is not subjective. 

Statistical procedures known as hypothesis testing are employed in these situations.  

 

There are two broad categories of hypothesis tests: parametric tests and non-parametric 

tests.  In parametric tests, the distribution of the data has to be known and is to be specified. The 

examples are the t-test, and the F-tests. In the non-parametric or distribution free tests, it is not 

required to specify the distribution of data or the data need not follow a specified distribution.  

The Kendall’s Tau test and the Kruskal-Wallis test are the examples of these tests. 

 

The parametric tests begin with the formulation of a hypothesis which is termed as null 

hypothesis. It is denoted by H0. As the name suggests this is the hypothesis of no change or no 

difference.  For example, the null hypothesis could be that the flows at two stations follow the 

same distribution or there is no correlation between two given variables.  This null hypothesis 

may be mathematically written as: 

 

 H0: 1 = 0          (10.84) 

 

This statement indicates that the mean 1 of a data set is not different from the mean 0 of 

another data. 

 

After the null hypothesis has been chosen, an alternative hypothesis is formulated. The 

alternate hypothesis is a statement of some expected departure from the null hypothesis.  The 

null and the alternate hypothesis are mutually exclusive and all inclusive. The alternate 

hypothesis can be stated in the following forms  

 

Ha : 1 > 0       (10.85 a) 

 Ha : 1  0        (10.85 b) 

 Ha : 1 < 0                        (10.85 c) 

 

Equations (10.85) state that the mean of the population from which the sample was drawn 

is greater than, not equal to, or less than the specified population mean, respectively. Some 
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 Acceptance of a correct hypothesis or rejection of a wrong hypothesis is a right decision.  

If, however, a null hypothesis which is correct is rejected, type I error is said to have been 

committed. In statistics, the probability of making type I error is termed as level of significance.  

This probability is specified before carrying out the test. Thus the significance level  denotes 

the maximum allowable type I error. Whenever H0 is correct, its probability of rejection is less 

than .  

 

 In hydrology, commonly the significance level of 0.05 (1 in 20) or 0.01 (1 in 100) are 

adopted.  A level of 0.05 implies that the decision of statistical test may be in error one time out 

of 20. In terms of normal distribution properties, it corresponds to 5% of the area under the 

curve. This concept is illustrated for a two-sided test in Fig. 10.13 in which the test statistic under 

null hypothesis is normal and each shaded area near the tails contains 2.5% of the total area. This 

shaded area is termed as the area of rejection or the critical region. For the inequality type, 

alternative hypothesis in eq. (10.85b) the null hypothesis is rejected if the test statistic falls in the 

critical region either because it is too high or too low. The choice of significance level depends 

upon the risks associated with a wrong decision. 

 

 If an incorrect hypothesis is accepted, this leads to a type II error, denoted by .  The 

probability of making type II error is not known; this error increases as significance level  

increases. The null hypothesis is formulated with the intention that it will be rejected because this 

eliminates the possibility of a type II error.  

 

The steps in hypothesis testing can be written as: 

1. Identify the parameter of interest and describe it. 

2. Determine and state the null hypothesis and appropriate alternative hypothesis. 

3. Selected the significance level  and state the rejection region. 

4. Compute the necessary sample quantities and compute the test statistic. 

5. Decide whether H0 should be accepted or cannot be rejected. 

 



10.7.1 The t-distribution 

The Student’s t-distribution is similar to the normal distribution but its shape depends upon the 

size of sample. As the number of observations in the sample increases, the t-distribution 

approaches the normal distribution.  

 An important concept in statistical tests pertains to degree of freedom. Actually, in 

statistical tests, the same sample is used to estimate the parameters of the distribution as well as 

perform the test. Thus, there are multiple uses of observations. This limitation is tackled by using 

the concept of degrees of freedom. Degree of freedom is the number of observations in a sample 

less the number of parameters being estimated. For example, if we have 20 data which are used 

to estimate two parameters, the degree of freedom will be 18. The tables of t-distribution list the 

value of t statistics corresponding to various levels of significance and the degrees of freedom 

(). 

 

Values of t-distribution for selected degrees of freedom and significance level are given 

in Table 10.5 for ready reference. The value of the t-distribution can be read from the row 

corresponding to  and the column corresponding to the significance level . For example, for  

= 10 the t value is 1.81 for 5% significance level.  This implies that 95% of the area of the curve 

lies to the left of value 1.81. Since the t-distribution is symmetric, 5% of the area in the left tail is 

to the left of t value of –1.81 for  = 10.  For the case where one is interested in 95% of the area 

but with 2.5% in each tail, the critical t value for  = 2.5 is 2.23 for  = 10.  

 

Table 10.5  Values of t-distribution for selected degrees of freedom and significance level 

 

Degrees of 

freedom  

Significance level   (%) 

10 5 2.5 1 

1 3.08 6.31 12.71 31.82 

2 1.89 2.92 4.30 6.96 

3 1.64 2.35 3.18 4.54 

4 1.53 2.13 2.78 3.75 

5 1.48 2.02 2.57 3.36 

8 1.40 1.86 2.31 2.90 

10 1.37 1.81 2.23 2.76 

15 1.34 1.75 2.13 2.60 

20 1.32 1.72 2.09 2.53 

30 1.31 1.70 2.04 2.46 



60 1.30 1.67 2.00 2.39 

120 1.29 1.66 1.98 2.36 

 1.282 1.645 1.96 2.32 

 

We now consider some applications of t-distribution 

 

A) Test concerning population mean when 2 is known 

This test is conducted as follows: 

a) Form the null hypothesis H0: 1 = 0 

b) State the alternative hypothesis Ha  

c) Test statistic is computed as 
n

X
t

/
0




  

d) For rejection region corresponding to , find c such that   }|{| 0 cXP  

e) Decision: depending upon the alternative hypothesis, reject H0 if t-statistic falls in the 

rejection region as follows:  

 

Alternative Hypothesis            Rejection Region 

Ha : 1 > 0    t ≥ t, n-1  

Ha : 1 < 0    t ≤ t, n-1 

Ha : 1  0    t ≥ t/2, n-1 or t ≤ -t/2, n-1 

 

If the test is conducted when population mean 2 is not known, the value of sample standard 

deviation is used in the formula in step c).  

 

B) Test concerning difference in two means (variances are unknown) 

This test is conducted as follows: 

a) Set the null hypothesis H0: 1 - 0 = ∆0.  

b) State the alternative hypothesis Ha 

c) Test statistic is computed as  
n

s

m

s
YXt

2
2

2
1

0   where X and Y are the two 

series with m and n values, respectively.  

d) For rejection region corresponding to , find c such that   }|{| 0 cXP  

e) Decision: depending upon the alternative hypothesis, reject H0 if t-statistic falls in the 

rejection region as follows:  
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Since this is a two-tailed test, the null hypothesis will be rejected if the test statistic is 

either too high or too low and hence value of t is needed for /2 and  = n - 1. From Table 10.5, 

t/2,n-1 = t2.5,20 = 2.09. Since |t| = 1.83 which is less than 2.09, the statistic does not fall in the 

region of rejection and the null hypothesis is accepted.  

 

10.7.2 Chi-Square Distribution 

Chi square distribution is also frequently used in hypothesis testing. Let there be a sample of size 

n whose values are taken from a normal population having a mean  and standard deviation .  

The observations can be standardized using the relation 

 

 Z = (X - )/          (10.86) 

 

If these standardised values are squared and added they follow a new statistic: 

 

                  (10.87) 

 

The variable Y follows a chi-square (2) distribution with n degrees of freedom. This 

distribution is a special case of the gamma distribution and has a single parameter. However, this 

distribution is not symmetric and is always positive.  The chi-square tests are single-tailed and 

the region of rejection is near the right tail. Table 10.6 lists chi-square values for selected degrees 

of freedom. For example, for 10 degrees of freedom, 5% of the area in the right tail (region of 

rejection) from 2 values is from 18.31 to . 

 

Table 10.6 Values of Chi-square distribution for selected degrees of freedom and significance 

level 

 

Degrees of 

freedom  

Significance level  (%) Degrees of 

freedom  

Significance level  (%) 

10 5 2.5 1 10 5 2.5 1 

1 2.71 3.84 5.02 6.63 2 4.60 5.99 7.38 9.21 

3 6.35 7.82 9.35 11.34 4 7.78 9.49 11.14 13.28 

5 9.24 11.07 12.83 15.09 8 12.02 14.07 16.01 18.48 

10 15.99 18.31 20.48 23.21 15 22.31 25.00 27.49 30.58 

20 28.41 31.41 34.17 37.57 30 40.26 43.77 46.98 50.89 

40 51.81 55.76 59.34 63.69 50 63.17 67.50 71.42 76.15 

100 118.50 124.34 129.56 135.81      
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 The goodness of fit test determines whether it is appropriate to use a particular 

distribution for the given sample data. Visual judgment is one way in which the data are plotted 

on an appropriate probability paper to check whether the match is acceptable or not. The chi-

square test is also widely used for this purpose. The test procedure consists of dividing the 

sample into a number of segments or classes depending upon the data range. For each segment, 

the actual number of observations and the expected according to the distribution under test are 

computed. The test statistic is 

 

        (10.88) 

 

where Oi and Ei are the observed and expected number of observations in the ith segment and k is 

the total number of segments. If p parameters are estimated from data, 2
c follows a chi-square 

distribution with (k – p – 1) degrees of freedom. If the difference between the actual and 

expected observations in the segments is large, it implies that samples were not drawn from the 

assumed distribution. Therefore, the null hypothesis that the observations follow the assumed 

distribution is rejected if 2
c > 2

1-,k-p-1.  

 

Example 10.15: In a goodness of fit test, the data were divided in 11 classes and the value of 2
c 

came out to be 10.44. If two parameters of the distribution were computed, test whether the 

chosen distribution is appropriate for the data at a significance level of 0.1? 

 

Solution: The degree of freedom is 11 – 2 – 1 = 8. From the table of chi-square values, 2
10,8 = 

12.02. Since this value is greater than 10.44, the null hypothesis cannot be rejected. It is, 

therefore, concluded that the chosen distribution properly describes the behavior of data. 

 

10.7.3 Tests Concerning Variances of Two Populations  

Here, a statistical test is employed to test if the variances of two populations are same or not. A 

distribution known as the F distribution is employed for this purpose and the test is known as the 

F-Test. 

a) Null hypothesis: H0: 1
2 =  2

2  

b) Test statistic is computed as: F = s1
2/s2

2  

c) Decision: depending upon the alternative hypothesis, reject H0 if t-statistic falls in the 

rejection region as follows:  

 

Alternative Hypothesis            Rejection Region 



Ha: 1
2 > 2

2     F ≥ F, m-1, n-1  

Ha: 1
2 < 2

2     F ≤ F1-, m-1, n-1 

Ha: 1
2  2

2    F ≥ F/2, m-1,n-1 or F ≤ F1-/2, m-1,n-1 

 

10.8 Closure 

After the measured data of some variable(s) becomes available, the question arises as to what are 

key characteristics of the population, what useful information can be derived from the data, 

which probability distribution best represents the data.  Further, one may also like to statistically 

test the validity of a hypothesis. This module deals with these topics. 
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